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Critical circleAbstract In this paper, a comparison study has been carried out between the limit equilibrium
(conventional) methods and ﬁnite element method of estimation factor of safety of slopes under
the effect of rainfall. A case study is analyzed with the ﬁnite element method, and the results are
compared with outcomes from some of the well-known conventional methods namely: simpliﬁed
Bishop Method (1955), simpliﬁed Janbu method (1954), and Fellenius method (1927).
Moreover, slope stability concerning rainfall and inﬁltration is analyzed. Specially, two kinds of
inﬁltrations (saturated and unsaturated) are considered. Many slopes become saturated during peri-
ods of intense rainfall or snowmelt, with the water table rising to the ground surface, and water
ﬂowing essentially parallel to the direction of the ‘‘slope’’ and ‘‘Inﬂuence’’ of the change in shear
strength, density, pore-water pressure and seepage force in soil slices on the slope stability is
explained. Finally, it is found that classical limit equilibrium methods are highly conservative
compared to the ﬁnite element approach. For assessment the factor of safety for slope using the
later technique, no assumption needs to be made in advance about the shape or location of the fail-
ure surface, slice side forces and their directions. This document outlines the capabilities of the ﬁnite
element method in the analysis of slope stability problems.
ª 2014 Production and hosting by Elsevier B.V. on behalf of Housing and Building National Research
Center.Introduction
In most applications, the primary purpose of slope stability
analysis is to contribute to the safe and economic design ofexcavations, embankments, earth dams, landﬁlls, and spoil
heaps. Several methods for calculating safety factors of slopes
have been published in the literature. A detailed review of equi-
librium methods of slope stability analysis is presented by
Duncan [4] .These methods include the ordinary method of
slices, Bishop’s modiﬁed method, force equilibrium methods,
Janbu’s generalized procedure of Slices, Morgenstern and
Price’s method and Spencer’s method. These methods, in
general, require the soil mass to be divided into slices. The
directions of the forces acting on each slice in the slope are
assumed. This assumption has a key role in distinguishing
one limit equilibrium method from another.
Fig. 1 State of slope under rainfall.
Fig. 2 Stress conditions in inﬁnite slope with seepage parallel to
the slope. (a) Diagram of slope. (b) Force polygon. (Cedergren
[9]).
Fig. 3 Stress conditions in inﬁnite slope with vertical seepage. (a)
Cross section. (b) Force polygon. (Cedergren [9]).
The behaviour of Slopes Under Heavy rainfall 161Fig. 1 illustrates the effect of rainfall on slope stability.
Rainfall induces changes of soil behavior, which mainly
include: the increase of volumetric water content (h), satura-
tion degree (Sr), coefﬁcient of permeability (k) and bulk den-
sity (c); the decrease of effective cohesion (C) and internal
degree of friction (u), the decrease or even disappearance of
matrix suction (sa) and the appearance and increase of pore-
water pressure (u) Xiong et al. [5] and Hu et al. [6], and the
development of new strain and displacement in the slope Qi
and Huang [7]. Therefore the decrease of C, u and sa on the
slip surface, the increase of c in slope and u on the slip surface
during rainfall inﬁltration can cause the decrease of slope
stability.
Saturation of a soil will decrease the frictional shear
strength. This is due to the buoyant reduction in normal force
required for frictional shear strength by the pore pressure (the
effective stress principle). Saturation of soil may also destroy
capillarity and ‘‘apparent cohesion’’ on the cohesive compo-
nent of the soil, or may reduce the dry strength of a cohesive
soil.
In the last few decades, ﬁnite element method has been
increasingly used in slope stability analysis. The advantage
of a ﬁnite element approach in the analysis of slope stability
problems over traditional limit equilibrium methods is that
no assumption needs to be made in advance about the shape
or location of the failure surface, slice side forces and their
directions. The method can be applied with complex slope
conﬁgurations and soil deposits in two or three dimensions
to model virtually all types of mechanisms. General soil
material models that include the Mohr–Coulomb model
and numerous others can be employed. The equilibrium stres-
ses, strains, and the associated shear strengths in the soil
mass can be computed very accurately. The critical failure
mechanism developed can be extremely general and need
not be simple circular or logarithmic spiral arcs Grifﬁths
and Lane [8].
In this paper, the main work focuses on two types of inﬁl-
tration pattern (saturated and unsaturated), the two types of
failure modes (shallow and deep-seated failure) and the four
ways of affecting slope stability in the rainfall (the decrease
of soil shear strength, the increase of bulk density, the increase
of pore pressure and the action of seepage force). Besides, a
comparison study is conducted between limit equilibrium (tra-
ditional) and ﬁnite element methods for prediction of factor of
safety for slopes under heavy rainfall. Three conventional
methods based on the concept of slices are used namely: sim-
pliﬁed Bishop Method [1], simpliﬁed Janbu method [2], and
Fellenius method [3].Behavior of slopes under effect of heavy rainfall
Many slopes become saturated during periods of intense rain-
fall or snowmelt, with the water table rising to the ground sur-
face, and water ﬂowing essentially parallel to the direction of
the slope. Under this condition, soil element (abcd) in the inﬁ-
nite slope has the submerged weight W0 and the seepage force
F acting as shown in Fig. 2. Using the hydraulic gradient meth-
od, the seepage force F can be determined from the ﬂow net.
This seepage force F acts as a driving force in the soil mass
and hence can greatly lower the stability of the slope.
Cedergren [9] showed that slopes can be fully saturated, but
at the same time free of excess pore pressures and damaging
seepage forces. This is the case when the slope is underlain
by a highly pervious gravel layer (Fig. 3), where the ﬂow net
consists of vertical ﬂow lines and horizontal equipotential.
Methods of evaluating safety factor for slopes under rainfall
action
Limit equilibrium methods
Those methods are usually analyzed by discretizing the mass of
the failure slope into smaller slices and treating each individual
Fig. 4 Division of potential sliding mass into slices.
162 M. Rabieslice as a unique sliding block. All limit equilibrium methods of
slope stability analysis divide a slide-mass into n smaller slices,
as shown in Fig. 4. Each slice is affected by a general system of
forces, as shown in Fig. 5. Three methods, which are based
mainly on methods of slices, are used.
Simpliﬁed Bishop Method
This method satisﬁes vertical force equilibrium for each slice
and overall moment equilibrium about the center of the circu-
lar trial surface. The simpliﬁed Bishop method also assumes
zero interslice shear forces.Fig. 5 Forces actingThus, Bishop’s method could be used to compute a factor
of safety (FOS) = F for noncircular surfaces, where FOS is
factor of safety = ‘‘F’’ and can be calculated as follows:-
F ¼
Pn
i¼1ðCþN0 tan/ÞPn
i¼1A5 
Pn
i¼1A6 þ
Pn
i¼1A7
ð1Þ
where:
A5 ¼ ðWð1 ktÞ þUb cos bþQ cos dÞ sin a ð2Þ
A6 ¼ ðUb sinbþQ sin dÞ cos a h
R
 
ð3Þ
A7 ¼ khW cos a hc
R
 
ð4Þ
R= the resistance force
Simpliﬁed Janbu Method
The simpliﬁed janbu procedure assumes that there are no
interslice shear forces. The geometry of each slice is described
by its height, h, measured along its centerline, its width, b, and
by the inclinations of its base and top, respectively. Janbu’s
method satisﬁes vertical force equilibrium for each slice, as
well as overall horizontal force equilibrium for the entire slide
mass (i.e., all slices). Vertical force equilibrium for each slice is
given by:on a typical slice.
Fig. 6 Janbu’s correction factor for the simpliﬁed method.
Fig. 7 Illustration of Fellenius method.
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Ft ¼ ðN0 þUaÞ cos aþ Sm sin aWð1 ktÞ Ub
 cos bQ cos d
¼ 0 ð5Þ
The above equation may be arranged for N0 as
N0 ¼ Ua cos a Sm sin aþWð1 ktÞ þUb cos bþQ cos d
cos a
ð6Þ
If the FOS against shear failure is deﬁned as F, and is assumed
to be the same for all slices, the Mohr–Coulomb mobilized
shear strength, Sm, along the base of each slice is given by,
Sm ¼ CþN
0 tanu
F
ð7Þ
where C and N0 tan u are the cohesive and frictional shear
strength components of the soil. The effective normal force
acting at the base of the slice can be determined by
N0 ¼ 1
ma
Wð1 ktÞ  C sin a
F
Ua cos aþUb cos bþQ cos d
 
ð8Þ
where
ma ¼ cos a 1þ tan a tan/
F
 
ð9Þ
Next, the overall horizontal force equilibrium is evaluated for
all slices of the slide mass. In this case,
Xn
i¼1
½FHi ¼
Xn
i¼1
½ðN0 þUaÞ sin aþWkh Ub sinb

Xn
i¼1
Q sin dþ CþN
0 tan/
F
cos a
 
¼ 0 ð10Þ
By rearranging the above equation, the following expression
may be obtained:
Xn
i¼1
ðN0 þUaÞ sin aþWkh Ub sinbQ sin d
 
¼
Xn
i¼1
1
F
ðCþN0 tan/Þ cos a
 
ð11Þ
Then if each slice has the same FOS, F,
F ¼
Pn
i¼1½CþN0 tan/Þ cos aPn
i¼1A4 þ
Pn
i¼1N
0 sin a
ð12Þ
where A4 = Resistance Factor.
The reported Janbu factor of safety (F) value is calculated
by multiplying the calculated F value by a modiﬁcation factor,
fo, Fig. 6.
FOSJanbu ¼ F0  Fcalculated ð13Þ
This modiﬁcation factor is a function of the slide geometry and
the strength parameters of the soil. Fig. 6 illustrates the varia-
tion of the fo value as a function of the slope geometry (i.e., d
and L) and the type of soil. These curves were presented by
Janbu in an attempt to compensate for the assumption of neg-
ligible interslice shear forces (Z sin a) in his formulation for the
simpliﬁed method. Janbu then performed calculations using
his simpliﬁed and rigorous (i.e., satisfying complete equilib-rium) methods for the same slopes with homogeneous soil con-
ditions. The subsequent comparison between the simpliﬁed
and rigorous FOS values was used to develop the correction
curves shown in Fig. 6.There is no consensus concerning the
selection of the appropriate value for a surface intersecting dif-
ferent soil types consisting of C only, u only, or both C and u
soils. In cases where such a mixed variety of soils is present, the
c-curve is generally used to correct the calculated FOS value.
For convenience, this modiﬁcation factor can also be calcu-
lated according to the formula:
f0 ¼ 1þ b1 d
L
 1:4 d
L
 2$ %
ð14Þ
where b1 varies according to the soil type: C only soil:
b1 = 0.69, Ø only soil: b1 = 0.31, C and Ø soil: b1 = 0.50.
Fellimens Method
In this method, landslide type is assumed rotational slip, as
shown in Fig. 7. Moreover, landslide soil is divided into some
slices in order to calculate moment along the critical circle.
Therefore, some parameters shall be calculated as follows: R
is radius of critical circle (m); W is weight of each slice (kN);
a is angle between horizontal axis and the base of slice (de-
gree); L is length of the base of slice (m); C is Cohesion (kN/
m2); and u is angle of shearing resistance (degree).
Factor of safety (F) can be estimated by the following
formula:
Table 1 Parameters of the Mohr–Coulomb model.
Symbol Description Units
E Elasticity modulus [kN/m2]
t Poisson’s ratio [–]
un Eﬀective friction angle [0] Degree
n 2
164 M. RabieF ¼ RN=RT ð15Þ
where: RT is summation of driving moment, and RN is sum-
mation of resisting moment. Fig. 7 shows N, T as force
T ¼ R:W: sin a ð16Þ
N ¼ RðC:Lþ tanu:W: cos aÞ ð17ÞC Eﬀective cohesion [kN/m ]
w Dilatancy angle [Degrees]
Einc Incremental increase in
elasticity modulus with depth
[kN/m2/m]Finite Element Method
Generally, there are two approaches to analyze slope stability
using ﬁnite element method. One approach is to increase the
gravity load and the second approach is to reduce the strength
characteristics of the soil mass. The second approach is
adopted in this study by using a powerful software ﬁnite ele-
ment program called PLAXIS.
Material model, soil properties and model dimensions
This work is applicable only for two-dimensional plane-strain
problems. The Mohr–Coulomb constitutive model is used to
describe the soil (or rock) material properties. The Mohr–Cou-
lomb criterion relates the shear strength of the material to the
cohesion, normal stress and angle of internal friction of the
material.
Therefore, the Mohr–Coulomb model is adopted in this pa-
per to model the behavior of soils. The mathematical expres-
sion of this model, as well known, is given by the following
formula:
s ¼ rn tanuþ C ð18Þ
where: s= shear strength of soil material on a certain failure
plane, rn = normal stress on the failure plane, u= angel of
internal friction of soil material, and C= cohesion intercept
of soil material.
The Mohr–Coulomb failure criterion in its simplest two-
dimensional form consists of a linear envelope touching all
Mohr’s circles representing combination of principal stresses
at failure, as shown in Fig. 8.
The Mohr–Coulomb model requires a total of ﬁve param-
eters, which are generally familiar to most geotechnical engi-
neers and which can be obtained from basic tests on soil
samples and in situ tests. Besides the plasticity parameters
(C, A, and w), input requires two additional elastic parameters
(E and t). All parameters required by Mohr–Coulomb model
are listed in Table 1.Deviatoric
 stress
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Fig. 8 The Mohr–Coulomb failure criterion.a-C-reduction approach
In the design of an embankment it is important to consider not
only the ﬁnal stability, but also the stability during the
construction.
It is interesting to evaluate a global safety factor at this
stage of the problem, and also for other stages of construction.
In structural engineering, the safety factor is usually deﬁned
as the ratio of the collapse load to the working load. For soil
structures, however, this deﬁnition is not always useful. For
embankments, for example, most of the loading is caused by
soil weight and an increase in soil weight would not necessarily
lead to collapse. Indeed, a slope of purely frictional soil will
not fail in a test in which the self weight of the soil is increased
(like in a centrifuge test). A more appropriate deﬁnition of the
factor of safety is therefore:
Safety factor ¼ Smaximum available
Sneed for equilibrum
where S represents the shear strength. The ratio of the true
strength to the computed minimum strength required for equi-
librium is the safety factor that is conventionally used in soil
mechanics. By introducing the standard coulomb condition,
the safety factor is obtained:
Safety factor ¼ c rn tanu
cr  rn tanur
where c and u are the input strength parameters and rn is the
actual normal stress component. The parameters cr and rr re-
duced strength parameters that are just large enough to main-
tain equilibrium. The principle described above is the basis of
the method of phi-c-reduction that can be used in PLAXIS to
calculate a global safety factor. In this approach the cohesion
and the tangent of the friction angle are reduced in the same
proportion:
c
cr
¼ tanu
tanur
¼ RMsf
The reduction of strength parameters is controlled by the
total multiplier RMsf. This parameter is increased in a step-
by-step procedure until failure occurs. The safety factor is then
deﬁned as the value of RMsf at failure. Provided that at failure
a more or less constant value is obtained for a number of suc-
cessive load steps.
The phi-c-reduction calculation option is available in
PLAXIS from the Calculation type list box on the General
tab sheet. If the Phi-c-reduction option is selected the Loading
input on the parameters tab sheet is automatically set to Incre-
mental multipliers.
To calculate the global safety factor for the road embank-
ment at different stages of construction, follow these steps:
Fig. 9 Dimensions and boundary conditions of ﬁnite element
model.
Table 2 Parameters used in the case study.
Unsaturated Saturated
Volumetric water content h (%) 28 42
Bulk density c (Kn/m3) 19 20.4
Eﬀective cohesion c (kPa) 10 5
Eﬀective angle of friction /0 (0) 29 27
Matrix suction Sa (kPa) 39.375 0
Permeability coeﬃcient k (m/min) / 6 · 104
The behaviour of Slopes Under Heavy rainfall 165Click on the Go to calculations program button to focus the
Calculations window.
We ﬁrst want to calculate the safety factor after the ﬁrst
construction stage. Therefore introduce a new calculation
phase and select Phase 1 in the start from phase list box.
In the General tab sheet, select a Phi-c-reduction
calculation.
In the Parameters tab sheet the number of Additional steps
is automatically set to 100 (instead of the default value of 250).
In order to exclude existing deformations from the resulting
failure mechanism, select the Reset displacements to zero op-
tion. The Incremental multipliers option is already selected in
the Loading input box. Click on the <Deﬁne> button to en-
ter the Multipliers tab sheet.
In the Multipliers window, check that the ﬁrst increment of
the multiplier that controls the strength reduction process,
Msf, is set to 0.1. The ﬁrst safety calculation has now been
deﬁned. Slide 1 Slide 
L(m) 8 5 
d(m) 2.3 1.3 
Fig. 10 Proﬁle of slIn this approach the cohesion and the tangent of the fric-
tion angle are reduced in the same proportion, as follows
(Dawson et al. [10], Grifﬁth and Lane [8], Hammah et al. [11]).
Fig. 9 represents the dimensions and the boundary condi-
tions of the ﬁnite element model. Factor of safety (F) accord-
ing to Mohr–Coulomb is given by Plaxis manual [12].
Case history
This case study of a slope subjected to a heavy rainfall is pre-
sented by Xiao-dong et al. [13]. Fig. 10 shows the proﬁle of
slope used in the study. Table 2 gives the soil parameters for
two cases (saturated and un-saturated slopes).
Analysis of results
Figs. 11 and 12 show the results of total displacement incre-
ments for un-saturated and saturated slope obtained from
ﬁnite element analysis, respectively. It is obvious that displace-
ment increments for un-saturated slope are much higher than
the saturated one. Besides, Figs. 13 and 14 illustrate the results
of safety factors for un-saturated and saturated slope obtained
from ﬁnite element analysis, respectively. The un-saturated
slope gives safety factor of 2.547, while the saturated slope
gives lower safety factor of 1.953.
The results of safety factors obtained from limit equilibrium
(traditional) methods are listed in Table 3. It can be seen that the2 Slide 3 Slide 4 
2 0 
0.9 0.7 
ope in case study.
Fig. 11 Shading of the total displacement increments for un-saturated case using ﬁnite element program Plaxis.
Fig. 12 Shading of the total displacement increments for saturated case using ﬁnite element program Plaxis.
166 M. Rabielimit equilibrium methods namely: simpliﬁed Bishop Method
[1], simpliﬁed Janbu method [2], and Fellenius method [3] give
low value for the safety factors for saturated and unsaturated
slopes. On the other hand, ﬁnite element method gives high
safety factors for saturated and unsaturated slopes compared
to the methods which are based on limit equilibrium concept.Moreover, there is no wide variation in the factors of safety
calculated using classical limit equilibrium methods because
they are assessed based on the same concept.
However, there is a wide discrepancy between the conven-
tional and ﬁnite element methods in assessment safety factors,
and this may be attributed to one of the following reasons:
Fig. 13 Evaluation of safety factor for un-saturated case using ﬁnite element program Plaxis.
Fig. 14 Evaluation of safety factor for saturated case using ﬁnite element program Plaxis.
The behaviour of Slopes Under Heavy rainfall 167Classical limit equilibrium methods depend on the direc-
tions of the forces acting on each slice in the slope are assumed;
In ﬁnite element approach, the factor of safety emerges nat-
urally from analysis without the user having to commit to any
particular form of mechanism a priori;
Limit equilibrium methods require a continuous surface
passing the soil mass. This surface is essential in calculatingthe minimum factor of safety (FOS) against sliding or shear
failure.
Summary and conclusion
This paper represents a comparison study between ﬁnite ele-
ment method using shear strength reduction approach and
Table 3 Summary of results for factor of safety.
Method Factor of safety
Unsaturated Saturated
Finite element method 2.547 1.953
Simpliﬁed Bishop method 1.094 0.722
Simpliﬁed Janbu method 1.093 0.728
Fellenius method 1.065 0.723
168 M. Rabiemost widely used limit-equilibrium methods namely: simpliﬁed
Bishop method [1], simpliﬁed Janbu method [2], and Fellenius
method [3]. The main conclusion is that classical limit equilib-
rium methods are highly conservative compared to the ﬁnite
element approach. For assessment of the factor of safety for
slope using the later technique, no assumption needs to be
made in advance about the shape or location of the failure sur-
face, slice side forces and their directions.
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